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Abstract 

On the bosonic Fock space, a family of Bogoliubov transformations corresponding to a strongly 
continuous one-parameter group of symplectic maps (i£(t))tett is considered. Under suitable assump- 
tions on the generator A of this group, which guarantee that the induced representations of CCR are 
unitarily equivalent for all time t, it is known that the unitary operator U n at(t) which implement this 
transformation gives a projective unitary representation of R(t). Under rather general assumptions 
on the generator A, we prove that the corresponding Bogoliubov transformations can be implemented 
by a one-parameter group U(t) of unitary operators. The generator of U(t) will be called a Bogoli- 
ubov Hamiltonian. We will introduce two kinds of Bogoliubov Hamiltonians (type I and II) and give 
conditions so that they are well defined. 
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1 Introduction 

Given a real symplectic space y (with a symplectic form a) and a complex Hilbert space Ti., a 
representation of the Canonical Commutation Relations (CCR) over y in Ti is a map y 3 y i— ► W(y) G 
U(Ti) (the unitary operators on Ti) such that 

W(y)W(y') =e-^y^W(y + y'), Vyrfey. (1.1) 

These representations arise naturally in the study of bosonic systems (e.g. a free Bose field). 
For any symplectic map R on y (i.e. cr(Ry, Ry') — a(y, y') for all y, y'), the map 

3^3^ W R (y) := W(Ry) 

is also a representation of CCR. The tranformation of W(y) into Wn(y) is often called the Bogoliubov 
transformation. The question is whether these two representations (W and Wr) are unitarily equivalent, 
i.e. is there a unitary operator U on Ti such that for all y in y, UW(y)U^ 1 = Wjt(y). 
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In our paper we consider the so-called Fock representation, i.e. the Hilbert space Ti. is a bosonic 
Fock space r s (f)) and the operators W(y) are the usual Weyl operators. In this case the symplectic 
spaces is y := {(/,/),/ G ()}, where / i— > / is a conjugation (i.e. an antilinear involution) on the 
Hilbert space f). The symplectic form on y will be the imaginary part of the scalar product on t) (i.e. 
a((f,f),(g,g))=Jm(f\g)). 

( P Q 

Consider a real symplectic map R on y. One can write it as a 2 x 2 matrix, R = ( q p 
where P and Q are bounded operators on f) which satisfy some conditions (see We also introduce 

J = ( 1 ^ . J . Finally, let denote the Weyl operators on the bosonic Fock space r s (f)). In that 



x ~ X , 

setting, the question of unitarily equivalence has been solved by Shale |Sh| : the representations of W 
and Wr are unitarily equivalent if and only if the operator [R, J] is a Hilbcrt-Schmidt operator on f) fj, 
which is equivalent to say that the operator Q is Hilbert-Schmidt on (). Moreover, if this condition holds, 
then the operator, which we will call the natural Bogoliubov implementer, 

U nat := det(l - K*K) 1 / 4 e-i a "^T((p- 1 )*)e-i< L \ 



with K = QP^ 1 and L = —P~ 1 Q, extends to a unitary operator on T s (t)) and satisfies |IH1 IRull IRu2| : 
V/ G fj, Wn(f) — U na tW(f)U* at . Here, a(L) and a*(K) denote the "quadratic" annihilation and creation 
operators associated to the Hilbert-Schmidt operators K and L via the natural identification between 
Hilbert-Schmidt operators on f) and vectors in f) (g> f) (Section l2.2(l . 

Suppose (iJ(t)) tS R is a group of symplectic maps such that, for all t, [R(t), J] is Hilbert-Schmidt. We 
can then define the operators U aa ,t(t) for all t. In general (f/ na t(t))teR w iH n °t be a one-parameter group 
as well. Since (i?(i))t S R is a one-parameter group and the Weyl representation W is irreducible we know 
that 

U nat (t)U n ^{s) = eW^U^ + s). 

Clearly, for any 9(t) G R, i/(t) := e ie *-*-'C/ na t(t) also intertwines W and Wwj). A suitable choice of the 
phase 0(t) may give rise to a strongly continuous unitary group U(t). When such a unitary group exists, 
R(t) will be called unitarily implementable and its selfadjoint generator H a Bogoliubov Hamiltonian. 
Note that the irreducibility of W guarantees that all the Bogoliubov Hamiltonians associated to a given 
symplectic group are equal up to a constant. 

There are at least two natural choices for this constant, corresponding to two distinguished classes of 
Bogoliubov Hamiltonians, which we call type I and type II. The type I Bogoliubov Hamiltonian is such 
that its expectation value on the Fock vacuum vanishes. The type II Bogoliubov Hamiltonian is such that 
its infimum is zero. We will see that such choices are not always possible, i.e. one of these distinguished 
Bogoliubov Hamiltonians (or both) may not exist, even if R(t) is unitarily implementable. 

Let A = i ( _ 7 ) denote the generator of the symplectic group R(t). R(t) is symplectic for all t 



v —h 

if and only if h is selfadjoint and v* = v. We will see that, at least formally, the Bogoliubov Hamiltonians 
associated to R(t) are given by 

H :=dT(h) + ^{a*{v)+a{v)) + c. (1.2) 

Here c is a constant, which may be infinite - this means that one may have to perform an approrpriate 
renormalization (see Section 0] for a concrete example). 

It is easy to see that the constant ci corresponding to the type I Bogoliubov Hamiltonian is zero. The 
constant c/j (at least in the case where () is finite dimensional) is given by 



en = --Tr 



K 2 — vv hv — vh \ 12 ( h 



hv — vh h — vv J \ h 
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The unitary group generated by the type I Hamiltonian can be written explicitly: 

Ui{t) := e itHl = det(P(i)e it ' l )- 1/2 e-^ Q * ( - Fs:W) r((p- 1 (t))*)e^^ a(L(t)) . (1.3) 

In our paper we give conditions on the generator A of R(t) guaranteeing so that R(t) is unitarily 
implcmcntable and conditions which ensure that Bogoliubov Hamiltonians of type I, resp. type II, are 
well defined. 

We prove that, if for all t the operator 

v(t) := f e iTh ve iT ~ h dT (1.4) 
Jo 

is Hilbert-Schmidt such that its Hilbert-Schmidt norm is locally integrable and continuous at t = 0, then 
R(t) is unitarily implementable. 

To guarantee the existence of type I, we need some additional assumption on A, namely: the operator 
vv(t) is trace class, and its trace norm is locally integrable and continuous at t = 0. Under this condition, 
we prove that the operators U (t) defined by (|1.3|l with c = form a strongly continuous unitary group. 
Note that this does note require v to be Hilbert-Schmidt and allows to give a meaning to the formal 
operator l|1.2f) in a more general situation. On the other hand, if v is Hilbert-Schmidt, then the above 
assumptions are satisfied and hence the Bogoliubov Hamiltonian of type I exists. Moreover, we then 
prove that the a priori formal expression l|1.2H indeed defines an essentially selfadjoint operator. 

The selfadjointness of H is not obvious, and to our knowledge there is no (rigorous) proof of it. We 
would like to emphasize the fact that v is naturally associated to an element of T 2 (fj) and not Tg(f)) = f), 
so that the "perturbation" a*(v) + a(v) has really to be thought as an operator quadratic, and not linear, 
in a and a*. 

In order to study Bogoliubov Hamiltonians of type II, one needs to compute the infimum of operators 
H of the form (|1.2fl . In particular, the Bogoliuobov Hamiltonian of type II is well defined if and only if 
R(t) has bounded from below Bogoliubov Hamiltonians. 

If f) has finite dimension, we will prove that H is bounded from below (and compute its infimum) if 
and only if, for all / € f), 

(f\hf) + (f\hf) + (f\vf) + (/>/) > 0. 

When h is positive, we also give a condition under which the "perturbation" a*(v) + a(v) is relatively 
bounded with respect to dr(/i), and we give an upper bound on this relative bound. We thus get another 
class of symplectic groups for which both type I and type II Bogoliubov Hamiltonians exist. 

Finally, we study completely the simple (non trivial) following situation: f) = L 2 (N) and the operators 

h and v are both diagonal with respect to the canonical basis of L 2 (N), i.e. h = h n \e n )(e n \ and v = 

i i 2 

X) u nl e n)( e n|- We prove that R(t) is unitarily implementable if and only if ^ i+l-i < +oo. Then we prove 

In I 2 

that the Bogoliubov Hamiltonian of type I, resp. type II, is well defined if and only if ^ i+\h \ ^ 
i i 2 

resp. y^fr | <;1 |7f| < +oo. In particular one can see that all kinds of situation can occur: neither type I 
nor type II exist, type I exists but not type II, etc. 

We end this introduction with a few comments on the related results which exist in the litterature. 
In | Be| . under the same conditions on v(t) (see (|1.4[l and below), it is proved that the operators Uj{t) are 
well defined, and that they form a one-parameter group of unitary operators whose generator is given 
by (|1.2(l provided the latter makes sense as an essentially selfadjoint operator. The author also proves 
this essential selfadjointness when v is Hilbert-Schmidt. However, the proofs at some places are not quite 
complete (the proof of essential selfadjointness for instance is not completely rigorous). Similar results 
are also obtained in |Nej but the author considers only the case where v is Hilbert-Schmidt and partially 
relies on the results of |Be| . such as for the essential selfadjointness of Bogoliubov Hamiltonians. 
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More recently, in jIHj the authors have also considered the question of finding a unitary group e ltH 
which intertwines W and Wrm but only for norm continuous symplectic groups. 

Finally, we would like to mention that similar "quadratic operators" as (|1.2|l have been studied in 
e.g. |X1 1 AY| . However, the authors use the field operator 4>(f) = a (f) + a *(/) instead of the annihila- 
tion/creation operators. Namely, if Tg(f)) 3 v = ^2 A„e„ ® e n where (e„)„ is an orthonormal basis of f) 
and X n are positive numbers, then the operator ^2 X n (j)(e n )4>(e n ) is considered, while we use operators 
of the form ^2 X n a* (e n )a* (e n ) . In particular, the use of the field operators in the previous sum leads to 
quadratic expressions which are not normal ordered. Therefore, in order to make them well defined, one 
has to impose that v is actually trace class. 

2 Fock spaces and representation of the CCR 

2.1 Generalities on the Fock space 

Let f) be a Hilbert space. We denote by r s (rj) the bosonic Fock space over the one-particle space f), 

oo 

r.00 :=®r?ao, 

n=0 

where r™(rj) := ®"F) denotes the symmetric n— fold tensor product of f) with the convention <g>!?rj = C. 
fi := (1, 0, ■ • • ) will denote the vacuum vector and 

rf n (f)) := = (* (0) , • • • , * (n) , • • •) S r 8 (h) | = for all but a finite number of n}, 

the finite particle space. Note that Tg n (f)) is dense in r s (f)). 

For any / € f), a(f) and a*(f) denote the usual annihilation/creation operators on r s (f)). They satisfy 

Hfi),a(f 2 )} = [a'(f l ),a'(f 2 )]=0, [o(/i), o*(/ 3 )] = (/i|/ 2 ). (2.1) 

We also denote denote by tj>(f) := ^(a(f) + a*(f)) the field operators and by W(f) := the Weyl 

operators. The Weyl operators are unitary and satisfy the following version of the CCR: 

W(f)W(g)=e-i Im ^W(f + g). (2.2) 
If h is an operator on f), dT(h) will denote the second quantization of h : 

n 

J=1 J— 1 n—j 

The operator N := dr(l) is the number operator. The following estimates are well known and sometimes 
called ^-estimates [IB iBF^l fTTil KH\ . 

Proposition 2.1. Let h be a positive selfadjoint operator on (), and f S h. Then, for all W G Dom(dr(/i) 1 / 2 ), 

\Hf)n < ii^-vvillldr^) 1 / 3 *!!, 
||a*(/)*|| < H^/IIIKi + dr^)) 1 /^!!. 

Finally, if q is a bounded operator on (), we define T(q) : r s (f)) — > r s (f)) by T(q) q ® • ■ • <8> q. 
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2.2 Quadratic annihilation and creation operators 

Let v <E r 2 (f)). Wc define the annihilation and creation operators associated to v as follows: 
a* (v)V := \Jn + 2^n +Tv ® s f £ 

o(w)« := V^T2V^TT ((«| * e r s n+2 (d), 

where (v| <g> 1®" : r? +2 (lj) 9 fx <g> • • • <g> /„ +2 ^ (uj/i $ / 2 )/ 3 ® • • • <g> f n+2 e 17(f)). These operators arc 
well defined on Tg n (f)) and can be extended to Dom(TV). 

Proposition 2.2. Let W e lf n (Jj), i/iera 

(i) ||o(tO*||<N|||tf*||, (2.3) 



(it) ||o*(w)*|| < ||w|!||(iV + 2) 1 / 2 (iV + l) 1 / 2 *!). (2.4) 

This result will be a particular case of Propositions 13. 231 and 13. 2"H (Section 13.8(1 . 

Note also that if we write v = ^2 X n 4> n ® ipn, where (</> n )neN, (ipn)neN are two orthonormal bases of 
f) and (A n ) n6 N is a sequence of positive numbers (with ^2 A 2 = ||i>|| 2 < +oo), then we have 

a{v) =^2\ n a((j) n )a(%j) n ) 1 a* (v) = ^ A„a*(0„)a* (?/>„)> (2.5) 

where on the right-hand side a and a* denote the usual annihilation/creation operators. 

Before going further, we would like to make the link between elements of the 2-particle space and 
real symmetric Hilbert-Schmidt operators on f), which will play an important role in the sequel. Let 
us fix a conjugation / i— > / on f). We denote by B 2 (\)) the set of all Hilbert-Schmidt operators and by 
S 2 (f)) the set of real symmetric (i.e. v = v*) Hilbert-Schmidt operators. It is well known that f) ® f) and 
B 2 (\)) are isomorphic (the map T : f) <g> f) 9 <f> ® ip i— > € S 2 (f)) extends by linearity and defines an 

isometry). It is easy to see that T(r 2 (f))) = -B 2 (F|). We will thus make no difference between a symmetric 
Hilbert-Schmidt operator and the corresponding element of T 2 (f)). 

Using ((2.1(1 . one then easily gets the following commutation relations: 

Proposition 2.3. For all v,v' £ T 2 (f)), / S f) and ft, selfadjoint operator on f), 

[a»,a(/)] = -2a>/), [a(«),o*(/)] - 2a(vf), (2.6) 



[d(«),o*(«')] = 4dI>V) + 2Tr(uV). (2.7) 

[dT(/i), o*(u)] = a*(hv + vh), [dT(ft), o(«)] = -a(/w + v/i) (2.8) 

To end this section, we would like to introduce the exponential of the operators a(v) and a*(v), which 
will be used to define the unitary operators t/ na t (Section (3.1(1 . 

Proposition 2.4. Let v e £? 2 (f)). 

™ 1 / 1 \ fe i 

1) for all * e r^ n (()), ffrere exists s- lim V- -a(v) * =: e^ a(l,) ^, and e 5 a W* g lf n (f)). 

" 1 / 1 \ k 

2) If \\v\\ B{t)) <1, then for all ^ eT^ n (i}), there exists s- lim ^- -a*(«) * =: e^ a * (t,) *. 

fc=0 v ' 
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Proof. The proof of 1) is obvious since the right-hand side reduces to a finite sum. Now, part 2) follows 
from the fact that the function 

00 / 1 \ 2 

/W-Eb ||a»»n||V 

n=0 ^ ' 7 

converges for all \z\ < j^p — (see |Ru2| ) . Indeed, it is sufficient to prove the proposition for vectors of 
the form \& — a*(/i) • • ■ a*(/ TO )f2, where /1, •• ■ f m G f). Now, we have, for all neN, 



fc=0 v 7 fc=0 v 7 



2 



" / 1 \ 2 

< ll/ill 2 ---|l/™ll 2 EU^i (2* + m + l)(2* + m)...(2*+l)||a*(t;) fc n|| 



fe=0 



< iiMi 2 • • • n/ m ii 2 £ (2fc | 2 r/ 1)! (i) 2 " a ^" 2 =: a " ||vi/|12 < 

□ 

Finally, we have the following 

Proposition 2.5. Let (vi)i e tq be a sequence inT 2 (t)) such thatWviWg^ < 1 for all I € N and limj—Kx, ||«;|| = 
0. TTien £/ie operators e^ a strongly converge to the identity on T^ n (\)). 

Proof. The result follows by the same computation as in the proof of the previous proposition. Indeed, 
let * = a*(/i) • ■ ■ a*(f m )Q, then for all n G N, and using JQJ, 

fc +OO , iM / 1 \ 2 

2 



£ M U a * w ) * - *ii 2 < IIMI 2 • • • II/JI 2 E ^p/ 1 ^ ) ll«»^ll 2 < cwmiii*i 

where C m < +00. Hence lles *^)* - *|| < C TO ||u i ||||\f r || 2 and the result follows. □ 



2.3 Fock representations of CCR 

In this paper we are interested in Fock representations of CCR, i.e. 7i — r s (h) where f) is a given 
complex Hilbert space. From now on, we assume that the real symplectic space y is of the form y = 
{(/,/) G t) © f)|/ G ()} and that the symplectic form tr((/, /), (g,g)) = lm(f\g), where (-|-) denotes the 
scalar product in t). 

We consider the map y 9 (/, /) 1— > T / F(/) G £/(r s (h)) where W(/) is the Weyl operator defined in 
Section Using (|2.2I) . we can see that this map is a representation of CCR. Moreover, it is well known 
that this representation is regular and irreducible BR]. 

Finally, we define the following operator on y : J = ( ^ . J . This operator is an antiinvolution 



(J 2 = —1) which preserves the symplectic form a. 



3 Bogoliubov transformations and Bogoliubov Hamiltonians 

3.1 Bogoliubov implementer 

A bounded real map R on y = {(/, f)\f G f)} will be written as R = ( ^ 5)1 where P and Q 



Q P 

are bounded linear maps on t), and Pf := Pf (and similarly for Q). It is easy to see that a map R is 



G 



symplectic if and only if RJR* = R* JR — J which is equivalent to 



P*P-Q*Q = 1, PP*-QQ*_ = 1, 

P*Q-Q*P = 0, QP*-PQ* = 0. 1 ' ' 

In particular, if R is symplectic, then P* P > 1 and therefore P is invertible. 
The following natural identification will be sometimes useful 

I-i) Bf» (/,/) ey. (3.2) 

Given a symplectic map i?, we define Wfl(/) := W {I -1 R{f ', /)) ■ The map (/, /) i— > W]r(/) is also a 
representation of CCR over ^ in r s (fj). 

Definition 3.1. ^4 symplectic map R is called unitarily implementable if and only if there exists a 
unitary operator U on T s {\)) such that UW(f)U^ 1 = Wii(f), V/ G f). If it exists, U is called a Bogoliubov 
implementer of R. 

Assumption 3. A. (Shale condition): Q G S 2 (f)) (•<=> [i?, J] G i? 2 (f) © f))). 
We define the operators K and L as follows 



/v := QP-\ L := -P _1 Q. (3.3) 
The following result is well known (see |Bel IHuTl IRu2l I5E| . 

Theorem 3.2. R is unitarily implementable if and only if the Shale condition is satisfied. If it is 
satisfied, then 

(i) the operators K and L belong to B>^{\)) and \\K\\ < 1, 
(ii) the operator 

J7 nat : = det(l - K*Kf' A e-^ a " Wrffr 1 )*)^^ 11 ' (3.4) 
is well defined on T^ n (f)), extends to a unitary operator on r s (h), and implements R. 

We call C/nat the natural Bogoliubov implementer of R. Since the Weyl representation is irreducible, if R 
is unitarily implementable, then the Bogoliubov implementer is unique up to a phase factor. ?7 na t has the 
particular feature that its expectation value on the vacuum is positive: (fi|f7 na tO) = det(l — K*K) 1 ^ 4 > 0. 

3.2 Bogoliubov dynamics and Bogoliubov Hamiltonians 

Suppose t i ► R(t) = ( Q^t) P(t) 1 ^ S a s ^ ron S^ continuous one parameter group of symplectic 
maps. We denote by K(t) and L(t) the operators defined in (|3.3() associated to R(t). 



Definition 3.3. A one parameter symplectic group R(t) is called unitarily implementable if and only if 
there exists a strongly continuous unitary group U (t) such that, for all t, U (t) is a Bogoliubov implementer 
of R(t). If R(t) is unitarily implementable, we call a Bogoliubov dynamics implementing R(t) the unitary 
group U(t) and a Bogoliubov Hamiltonian (associated to R{t)) its self adjoint generator. 

Since the Bogoliubov implementer of a symplectic map R is unique up to a phase, if R(t) is unitarily 
implementable, then there exists c{t) G C, \c(t)\ = 1, such that U(t) = c(t)U nat {t), and where U nat (t) is 
the natural Bogoliubov implementer of R(t). c(t) will be called the natural cocycle for U(t). 

One can actually prove that R(t) is unitarily implementable under very weak assumptions. 
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Theorem 3.4. Suppose R(t) is a strongly continuous one-parameter symplectic group. Then R(t) is 
unitarily implementable if and only if the Shale condition is satisfied for all time t and lim t _>o ||if(t)||2 = 0. 

Proof. Suppose R(t) is unitarily implementable. Using Theorem 13. 21 we immediately get that the Shale 
condition is satisfied for all t. It remains to prove that ||2£"(t)||2 — > as t goes to zero. Let U(t) be a 
strongly continuous unitary group implementing R(t) and let 

a t : B(r s (f))) 3Bh U(t)BU(t)* G B(r s (h)). 

Clearly a t is a weak* continuous one parameter group of *— automorphisms, and at (B) = t/ na t (t)BU na t (t)* 
since we have U(t) = c(t)U na t(t) where c(t) is the natural cocycle for U(t). Therefore the map 

R 9 1 1 — ► Tr(|fi>(f2|a f (|n>(fi|)) = det(l - K{t)* K{t)) 1/2 

is continuous. Since ||if(t)|| < 1, det(l - K{t)*K(t)) = e Tr Wi-KW'xW)). Moreover K(0) = 0, so 

limTr(log(l-iC(t)*K(t))) =0, 

from which the result follows using 

\\K(t)\\l = Tr(K(t)*K(t)) < |Tr(log(l - K(t)*K(t)))\- 

Suppose now that Shale condition is satisfied for all t. Hence, for all t, we can construct U nat (t) the 
natural implementer associated to R(t). Let us define the map 

a t : B(T s (t))) 3 B » U nat (t)BU nat (t)* G B(r,(f))). 

Obviously, for all t, at is a weak* continuous *— automorphism of Z?(F s (f))). Moreover, for all t, s € R, 

a t (a s (W(f))) = a t+s (W(f)) = W R{t+s) (f), V/ e t). 

Since the *— algebra generated by the Weyl operators is weak* dense in B(r s (fj)), this proves that a t 
forms a one-parameter group of *— automorphisms of B(T s (t))). 

In order to prove that it can be implemented by a selfadjoint operator H , it remains to show that 
this one parameter group is weak* continuous with respect to t (|EH]> Ex 3.2.35). Moreover, using the 
group property it suffices to prove that it is weak* continuous at t — 0. For that purpose, we shall prove 
that 1 1— > t/nat (i) is strongly continuous at t = 0. 

The map t i— ► Kit) is continuous at t = in the Hilbert-Schmidt norm by assumption (recall that 
K(0) = 0). This together with Proposition 12 . 51 proves that 1 1— > t/ nat (t)f2 is continuous at t = 0. 

Now, for any / G f) one has U nat (t)W(f)n = W R(t) (f)U nat (t)n. Hence 

II t/n a t - w(f)n\\ < \\W m (f)(U nat (t)n - Q)|| + ||(W fl(t) (/) - 

< ||t/ nat (t)n - n|| + \\{w m (f) - w(/))n||. 

The first term of the second line goes to zero as t goes to zero, and the second one as well since 1 1— > R(t) 
is strongly continuous and 

lim ||/ n - /|| = => s- lim W(f n ) = W(f). 

n — ^+oo n — »+oo 

Thus, we have proven that U na t(t) is strongly continuous at t = on Span{W / (/)il, / G f)}. Since this 
subspace is dense in r s (h) and the U na t(t) are unitary, this ends the proof. □ 
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3.3 Generator of unitarily implementable symplectic groups 

In this section, we look for conditions on the generator A of R(t) which make it unitarily imple- 
mentable. The basic assumption on the generator A will be the following. 

Assumption 3.B. A can be written as A — i ( ^ ^ ) ' w ^ ere ^ * s a se tf a di°i n t operator with domain 
Dom(/i), v is a bounded operator such that v* = v, and Dom(yl) = Dom(/i) Dom(/i). 



Proposition 3.5. Suppose A satisfies Assumption \3.R\ then A generates a strongly continuous one- 
parameter group (i?(t)) tG R of symplectic maps. 

Proof, h is selfadjoint, therefore the operator A := i [ ^ \ } generates a one-parameter group 



x -h / 

of unitary maps Ro(t) = e tA ° . Moreover, one can see that Ro(t) is symplectic. Let us also write 

V := i ^ P q J . Then A = Aq + V where Aq is the generator of a strongly continuous one-parameter 

group and V is a bounded operator. Hence, A generates a one parameter strongly continuous group R(t). 
Since R(t) and J leave Dom(A) invariant, for all / S Dom(A), 1 i— > R(t)J R(t)* f is differentiable, and 

^-R(t)JR(t)*f = R(t)(JA* + AJ)R(t)f. 
at 

But, using h* = h and u* = v, one gets ( JA* + AJ)f = for all / S Dom(A). Hence, R(t)JR(t)* — J on 
Dom(A). Since they are both bounded operators and Dom(A) is dense, this proves that R(t)JR(t)* = J 
on ()©[). We prove similarly that R(t)*JR(t) = J, so that R(t) is symplectic. □ 



From now on, we will always assume that Assumption I3.B1 is satisfied. Let us define 



v{t) := / e 1Tfl ve 1Ttl dr. (3.5) 
Jo 

Assumption 3.C. For all t, v(t) 6 _B 2 (fj), ifte function t i— > H^WIh «s locally integrable on K and 
continuous at t = 0. 



This assumption was already used in Be . 

Theorem 3.6. Suppose A satisfies Assumvtion \3. 6l Then R(t) is unitarily implementable. 
Proof. We define V(t) := R (t)VR Q {~t) and R(t) := R(t)R Q (-t). Since V is bounded, we have 

= 1 + / fl(r)V(r)dr. (3.6) 



We introduce the following sequence of bounded operators 

flo(t) = 1, R n +i(t) = / 7?„(r)F(r)dr. 

In particular we have 



o 
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Hence, Rt(t) is Hilbert-Schmidt and ||-Ri(i)||2 = V2\\v(t)\\ 2 . Then, using ||V(r)|| = 2||v|| for all r, we get 

\\Rn+l(t)h < 2\\V\\ f \\R n (T)\\ 2 dT 

Jo 

ft (f _ T \n-1 

~ ( 2 lbll)"y o \n-\y. V^ll«(r)|| a dr, Vn > 1. 
Moreover, we have R(t) — 1 = J2n>i Rn(t), hence 

\\R(t) - 1|| 2 < V2||«(t)|| 2 + 2V2||u|| /* e 2 (*- T )""ll ||u(r)|| 2 dr < +00. (3.7) 

Jo 

Since R(t)R (-i)-l is Hilbert-Schmidt, so is R(t)-R (t). Now, Q (*) = hence Q(t) is Hilbert-Schmidt. 

It remains to prove that lim t ^ ||-^(*)||2 = 0. Using l|3.7|) and the continuity of ||v(£)|| 2 at t = 0, we 
get lim t ^o - 1 1 1 2 = 0. Thus we have lim t _ \\Q{t)c ith \\2 = 0. Finally, by definition of K(t) we have 

\\K{t)\\ 2 = \\Q{t)P(t)-^h < HQWe^Halle-^PCO^II < ||<5(t)e" R || 2 . □ 

3.4 Bogoliubov dynamics of type I 

As mentioned in the introduction, there are natural choices for the Bogoliubov dynamics implementing 
R(t), one of them being type I. However, it is not always possible to define it and one has to impose 
some additional assumption on R(t). We will denote by S 1 (f)) the set of trace class operators on fj and 
by || • ||i the trace norm. 

Definition 3.7. Let t 1— > R(t) be a unitarily implementable symplectic group, with generator A. We say 
that it is type I if and only if, for all t £ R, P{t)e~ ith - 1 G B x (§) and lim^o \\P(t)c- ith - l||i = 0. 

Theorem 3.8. Suppose R(t) is a type I symplectic group. Then, the operators 

Ui(t) := det(F(t)c it ' l )- 1 / 2 e-^*(' Ft "(*»r((P(t)- 1 )*)e-5 a ( L ( t » (3.8) 
form a Bogoliubov dynamics implementing R(t). Their natural cocycle is given by 

ci(t) = det(P(i)e it 'T 1/2 det(l - K {t)* Kit))- 1 / 4 . (3.9) 
Definition 3.9. The operator Hj = i-^Ui(t)\ t =o * s called a Bogoliubov Hamiltonian of type I. 
In the proof of Theorem 13. 81 we will make use of the following lemmas. 

Lemma 3.10. Let B be a bounded operator and V a unitary operator such that BV — 1 is trace class. 
Then VB - 1 is trace class and det(W) = det(VB). 

Lemma 3.11. Let K, L G B 2 (f)) such that K = K* ,L = L* and \\K\\ < 1, ||L|| < 1. Then 

( e -ia*(£)n| e -Aa*(lt) n ) = det ^ _ £*jQ-l/2. 

Proof. Since K is Hilbert-Schmidt and K = K* , there exist an orthonormal basis of t), (/„)„, and a 
sequence A„ such that K = ^ X n \fn)(fn\- Similarly, we can write L = ^2 Hm\9m)(9m\- Therefore, we have 

m,n j 

= H(l-ii m K(9m\fn) 2 )- 1/2 - 
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Now, it suffices to see that L*K = y>t w A ra (g m \ f„) \ g m ) (f n \ ■ D 

Proof of Theorem 13.81 Since U na ±(t) is unitary and Uiit) = ci(t)U nat (t), to prove that Uj(t) is a 
Bogoliubov implementer, it suffices to show that \ci(t)\ — 1. Using i|3.1fl . we have 1 — K(t)*K(t) = 
(P(i)P(i)*)- 1 . Now 



-1/4 



-1/4 



\det(P(t)e lth )-^ 2 \ = det(P{t)e lth )det((P(t)e ith )*) = det(P(t)e 1 " l )det(e- 1 " l P(t)*) 

= \det(PWWT 1/4 - 

We now prove that the operators Uj(t) form a one-parameter group. As for U na ±{t), for all s and t there 
exists a(t, s)el such that {7 7 (t)C7 z (s) = e iQ(M) [//(i + s). Using Lemmas EHU1 and IXTTl we have 

(fi|[//0)f7/(s)Q) = det(P(t)e i ^)- 1/ Met( J P( s )e i;5 ' l )- 1/2 (e-5 a *( L (*))fi|e-^ a * (if(s)) fi) 
= det(P(i)e it ' l )- 1/2 det(P(s)e is ' l )- 1/2 det(l - (s))" 1/2 

= (det(e itS P(t))det(l + P(t)- 1 Q(t)Q(s)P(s)- 1 )det(P(s)e is ' 1 )) ^ 

= det(e it ' l (P(i)P( S ) + QWQls))^ 5 ' 1 )- 1 / 2 
= det(P(i + s)e i(t+s) ' l )- 1/2 = (n\Ui(t + s)Q}. 

Therefore e ia ^ = 1 and U^t) is a one-parameter group. 

Finally we have to prove that Ui(t) is strongly continuous. Using the group property together with 
the same argument as in Theorem 13.41 it suffices to prove that t i— ► Ui(t)VL is continuous at t = 0. Now, 
t i > is continuous in the Hilbert-Schmidt norm since R(t) is unitarily implementable (Theorem 

13. 4|) . and, by assumption, t i— > P(t)e~ lth is continuous in the trace norm at t = 0, thus so is the map 
t 1 ^ det(P(i)e _It/l ), which ends the proof. □ 

3.5 Generator of type I Bogoliubov dynamics 

We would like in this section to give some sufficient conditions on the generator A of a symplectic 
group R(t) so that it is of type I. 

Assumption 3.D. For all t, the operator vv(t) is trace class and the function t i— > ||w(i)||i is locally 
integrable on R and continuous at t = 0. 



This condition was also used in |Bej . 

Assumption 3.E. v is a Hilbert-Schmidt operator on f). 

Theorem 3.12. (i) If Assumvtions Y3~F\ and XS.FA are satisfied, then R(t) is of type I. 
(ii) If Assumvtion WE] is satisfied, then R(t) is of type I and we have 

Ui{t) = eiTr(/ t Q( S K( S )- 1 d s ) e -i«-(x( t )) r((p(r i ) , )e -i«(iW) i (3.i ) 

Cl (t) = eiMTrf/.'QI^PW-'ds^ (3 u -) 

Proof. We will use the notation introduced in the proof of Theorem 13.61 Let 

V:=|i2= £ ) eB^®^)\A,DeB 1 (\ ) ),B,CeB 2 (\ ) )Y 
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with ||i?|| v := ||A||i + ||D||i + ||B|| 2 + ||C|| 2 . Note that if R and R' are in V, then so is RR'. 
(i) Suppose Assumption 13. Dl is satisfied. We have Ri(t) £ V. Then, 



Mt)=l Ri(r)V(r)dr= I fo< r > ^ 



f*v(T)e iTh ve iTh dr 
Using Assumption 13. Dl one has 

|| / u(r)e- iTS we- iT/l dT||i < / ||ot;(t)||i<1t =: p(t) < +oo 



Therefore R,2(t) is trace class and H-fi^WHi < 2p(£). In the same way as in the proof of Theorem 13. (jl we 
have that R(t) — 1 — R\(t) is trace class, and hence is in V. Thus so is R(t) — 1. In particular, P(t)e~ lth — 1 
is trace class. 

Finally, the continuity of ||ot(£)||i at t — implies the one of \\P(t)e~ lth — l||i in a similar way as in 
Theorem 13.61 

(it) Suppose now that Assumption 13. El is satisfied. First note that it implies Assumptions 13. CI and 
I3.DI so that R(t) is of type I. According to the definition of Ui(i), we have to prove that, for all t, 

det(P(t)e itK ) = C^fo Tr(Q(,),P(,)- 1 )d S _ (3 12) 

For all t, V(t) £ V, and, using l|3.6[) . we have as an identity in V 



R(t) -1=1 V{r)dT + / (R(t) - l)V(r)dr. 
We have V(t) = i ( _ it ^^ _u-h ) . It is clear that 1 i— > e'^we 1 *' 1 is continuous in the weak 





operator topology, and therefore in the weak sense in -B 2 (f)) considered as a Hilbert space (i.e. for all 
K £ B 2 (t)), t 1— ► Tr(Ke a ve u ) is continuous). Moreover, since e lth is unitary, we have ||e 1 *"t>e i ||2 = IMh- 
But in a Hilbert space, a function which takes values on a sphere and which is weakly continuous is actually 
norm continuous. Hence e lth ve lth is continuous in the Hilbert-Schmidt norm. So V(t) is continuous in V 
and thus R(t)Ro(—t) — 1 is differentiable in V. In particular, P(t)e lth — 1 is differentiable in the trace 
class topology. Hence, det(P(t)e lth ) is differentiable and 

^det(P(t)e itTl ) = Tr (j^(P(t)e ith ) X (P(i)e it ' l )~ 1 ) x det{P(t)e ith ) 
= -iTrtQ^vPC*)- 1 ) x det{P(t)e itJl ), 

which proves (|3.12l) . and where we used (|3.6[) in the second line. 

The proof of jXTJl follows from iEHljl and the fact that det(l - K(t)*K(t)) is positive. □ 



3.6 Essential selfadjointness of type I Bogoliubov Hamiltonians 

Formally, it is easy to see that the Bogoliubov Hamiltonian of type I is given by 11.2(1 with c = 0. We 
can make this precise when v is Hilbert-Schmidt. 

Theorem 3.13. Suppose Assumvtion XS.EA is satisfied, then the operator Hj = dT(h) + ^(a*(v) + a(v)) 
is essentially selfadjoint on V := lf n (F)) n Dom(dT(ft)) and e itH ' = U^t). 
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Note that, since r^f)) C Dom(a*(u) + a(v)), the operator H is therefore essentially selfadjoint on 
Dom(dr(/i)) n Dom(a*(u) + a(v)). The strategy of the proof for the essential selfadjointness comes from 
Be and goes back to Carleman |Ca| . However, as we mentioned in the introduction, the proof in jBej is 
not completely rigorous. In the case where h is bounded, a similar result has also been proven in |IH| . 

Note also that ft £ V(Hj) and that Hi has the particular feature that (il\HjQ) = 0. 

Recall that L(t) = —P(t)~ 1 Q(t). When v is Hilbert-Schmidt, the operator vL(t) is trace class and 
Tr(Q(s)uP(s)" 1 ) = -Tr(«Z(s)). Therefore, 

Cj (t)= e -i Re ^o^(^W) ds ). (3.13) 

Lemma 3.14. Suppose Assumvtion \3.E\ is satisfied. Then the map t i— > L(t) is differentiable in the 
Hilbert-Schmidt topology. 

Proof. In the same way as in Theorem 13.61 we can prove that Ro(—t)R(t) — 1 is differentiable in 
V. Hence, e~ lth P(t) — 1 is differentiable in the trace class norm, thus e~ lth P(t) is norm differentiable 
and hence so is P(t)~ 1 e lth . Moreover e~ lth Q(t) is differentiable in the Hilbert-Schmidt norm, so that 
L(t) = -Pty-iQit) = -{e-' lth P{t))- l e-' lth Q{t) is differentiable in the Hilbert-Schmidt norm. □ 

Lemma 3.15. Suppose Assumvtion \3.F^ is satisfied, then (f2|[/ na t(£)f2) is continuously differentiable. 

Proof. Using (ESJ and (|3~TT|) we have {Q\U nat (t)Q.) = esM/o Xr(«L( s ))d s ) _ The differentiability then 
follows from Lemma T3. 141 □ 

Proof of Theorem 13.131 We first prove that Hj is essentially selfadjoint on D. For that purpose, we 
consider the symmetric operator H defined as Hi on the domain T> and we prove that for all z £ C, z (£ R, 
Ker(H* -z) = {0}. 

We denote by P n the orthogonal projection onto r™(f)). In particular, for any vector \E', P n ^ £ T^ n (i)). 
We also define, for all eel, 

# e := (1 - iedTO))" 1 

For any e ^ 0, "te 6 Dom(dr(/i)) and lim e ^o = Moreover, since the operator dT(h) leaves the 
subspace r™(E)) invariant, we have P n ^e = (F„$) e S V for all n and e ^ 0. 
Let us now fixz^l and let <E> £ Ker(P* — z). For all n we have 

z\\P r M\ 2 = z{Pn®\$) = limz(F„$ e |$> = lim(P„$ £ |JJ*$) - lim(PP„$ e |$), 

e— >0 e— +0 e— >0 

where in the last equality we have used the fact that P n ^ t £ T>. Similarly, we have z||P n <I?|| 2 = 
hm e ^ (*|-ff-Pn*-e)- Therefore, 

2iImz||P„$|| 2 = lim((dr(/i)P n $ e |$) - ($|dr(ft)P„$_ e ) + i((o(«) + a»)P„$ e |$) 

-±{$\(a(v) + a*(v))P n $- £ )). 

Since P n commutes with dT(h), the two first terms of the right hand side cancel. Moreover, the operator 
(a(v) + a*(v))P n is bounded. So finally we get, with the convention P_x = P_2 = 0, 

4iImz||P„$|| 2 = ((a(v)+a*{v))P n $\$)-{$\(a(v)+a*(v))P n $) 

= (a(v)P n $\P n _ 2 $) + (a*(v)P n $\P n+2 $) - (a(v)P n+2 $\P n $) - (<z»P n _ 2 $|P„$). 

We now sum the previous identity for < n < N, which gives 

N 

4ilmz^ ||P„$|| 2 = (a*(v)P N $\P N+3 *) + <a»Pv-i$|Pv +1 $) - (a(v) P n+2 $\Pn&) 

n=0 
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Therefore, for all N S N, and using Proposition 12. 21 we have 



A" 



4|Im*| ll^*H 2 < W v h (2(JV + 2)||P JV $||||P JV+2 $|| + 2{N + l)\\P rf - 1 $\\\\P N+1 $\\) 



n=0 



< (JV + 2)||«|| a (||Pv-i$|| 2 + ||Pv$|| 2 + ||Pv+i$|| 2 + ||Pv+ 2 $| 



Suppose $ ^ 0. Hence there exists JV such that £)n=o ||Pn$|| 2 = C > 0, and for all JV > JV , 
E^=o ll-Pn^ll 2 > C. So we have, for all N > JV , 



41mzC N+ " 



JV + 2 

If now we sum over N this inequality, the right hand side converges (and is less that 4||ii||2||<J?|| 2 ), while 
the left hand side diverges. Hence <& = and Hi is essentially selfadjoint on T>. 

It remains to prove that e ltHl = Ui(t). For that purpose, we prove that e ltHl is a Bogoliubov dynamics 
implementing R(t) (first provided h is bounded and then for a general h) so that it equals Ui(t) up to a 
phase factor. And then we prove that this phase is 1. 

Given two operators B and C, let ad^C := C and ad^jC := [P, adJij^C]. Recall also that </>(/) stand 
for the field operators on F s (h). 

Suppose h, and hence A, is bounded. Then, for all / £ fj, and in the sense of quadratic forms on 
r fln (fj), 

ad* Hl 4>(f)=<t>(r 1 A k (fJ)), (3.14) 
where I was defined in i|3.2|) . Indeed, as quadratic forms on Fg n (f)), we have 

[ifl>,o(/)] = i[dT(h),a(f)] + i[a»,a(/)] = a(ihf) + a*(-ivf). 

In the same way, one proves that [iHj,a*(f)) = a*(\hf) + a(—ivf). Hence, one has [LH/,0(/)] = 
(f){I~ 1 A{f : /)), and since A is bounded (|3.14|) follows easily. 
Let now $, * g rg n (rj). For z € C, we define 

Px^-^.e^Cf)*) and P 2 (*) := WV^, /))$, e**'*). 

Using Proposition 12. 21 it is easy to see that $ and \I/ are analytic for Hj. Since moreover A is bounded, 
this proves that Pi and P 2 are analytic functions in some neighborhood of 0. Moreover it is well known 

that B n C = J2l= ( ^ ) ad k B CB n - k . Thus, for all n we have 

d n Fi(z), , j. fe \ir r \ - X^f n \/*^k ,/«, ;lr ^n-fc, 



dz r ' 



r z=0 = ($ ) (ip z )«^(/)*) = E(fc) (^ad^^c/jciff/)™-**) 



J2{ 1 ){^<i>{r i A\f,f)){iH I r-^) 



k 

d n F 2 (z) f 

where we have used <|3.14[1 in the second line. Therefore, for all z in some neighborhood of 0, Pi (z) = P2 (z), 
which implies that 

e itH ^(/)e-^$ = ^(J- 1 e M (/,/))$, 
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and hence 

j m 'W{f)e- itHl $ = W R(t) (f)$, 

for all $ € Lg(()), and all t G M by the group property. Since (f)) is dense in r s (f)), this proves that 
e ltHl intertwines W and Wput) when h is bounded. 

We consider now the general case. Let us write A = A n + V as in the proof of Proposition ^. 51 Both A 
and V are generators of a one-parameter group of symplectic maps. Moreover, V is bounded, therefore 
we can apply the first part of the proof and, for all igK, we have 

e li(«"W+ ll (''))^(n e -5*(«*W+< 1 ('')) = W(I~ 1 e tv (f, /)). 

But, since h is selfadjoint, it is well known (see e.g. |DGp that 

e itdr(h) w ^ e -itdr(h) = w^thfj = iy(/-i e tA « (/,/)). 

Thus, using the Trotter product formula, 



. „ / itdr(h) it(a*(tQ + a(„)) \ " / it(a*(v) + a(v)) itdr(h) \ " 

- 1 = s- hm e » e 2 ™ = s- hm e 2 ™ e ™ 

n — >oo V / n — >oo \ J 

In the same way, we have R(t) — s— linin^oo (e^e^^j . Hence, 

itif fW /,x -itHr r ( itdr(h) "(""W+^W) \ n . / -itdr(h) \" 

e 1,LH 'iy(/)e it^j _ g _ j lm / e „ e 2 „ j ( e 2 ™ e « J 

= s-Jim W (V 1 (e^e^)" (/,/)) = W m (f). 

This proves that e ltHl is a Bogoliubov dynamics implementing R(t). And hence e 1 and ?//(£) are equal 
up to a phase factor. In order to prove that this phase is one, we will show that they have the same 
natural cocycle. By H3.13[l . we know that 

Uj(t) = e-i R <lo T ^ L< - s ^U nat (t). 
Let now pit) e M be such that U nat (t) = e ip(t h itHl . Note that SJeD, hence, 



(n\u nat (t)n) 



(n\e itH 'n) 

is continuously differentiable by Lemma \'d. 151 Moreover, for all i, (51|[/ nat (t)f2) G R, thus 
d 



and hence 



Therefore 



,;<ft|[Wi)Q) = ip'(t)(Q|C/ nat (t)0) + ([/ nat (*)*n|i^Q) S R, 
dt 

p'(t){n\U na , t (t)Q) = -Im(f/ nat (t)*n|i-ff/0) = -^Im(U- nat (t)*n|ia*(«)f2). (3.15) 



P ' W = - ^Tm^t)^ = -\ l ^ a ' {L{t)) n\^(v)n) = |lm(a*(L(t))n|ifl*(«)n). 
Now, using 1)2. 7|) . we have 

(0|[a(£(t)),a*(w)]0) = 2Tr(L(t)*u). 

But L(i)* = L(t), therefore 

i r* 

Pit) = o / ReTr(wL(s))ds, (3.16) 



and 
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3.7 Infimum of Bogoliubov Hamiltonians 

In this section, we introduce another (natural) distinguished class of Bogoliubov Hamiltonians, those 
whose infimum is zero. 

Definition 3.16. A unitarily implementable symplectic group is of type II if and only if it has a bounded 
from below Bogoliubov Hamiltonian (and hence all its Bogoliubov Hamiltonians are bounded from below). 

Definition 3.17. If R(t) is a symplectic group of type II, we define the Bogoliubov Hamiltonian of type 
II to be the unique associated Bogoliubov Hamiltonian whose infimum of spectrum is 0. We denote it by 
Hjj. The corresponding Bogoliubov unitary group is denoted Ujj(i) = c ltH " . 



ih —iv 
iv —ih 



We denote by y# the dual space of y. 

Definition 3.18. The classical symbol associated to a one parameter symplectic group R(t) — expt 
is the bilinear symmetric form defined on y# as 

y*xy*3 ((/,/), (g, g)) i ► \{(f\hg) + (f\hg) + (f\vg) + (/><?)). 

Theorem 3.19. Suppose f) is finite dimensional. Then every symplectic group with a positive classical 
symbol is both of type I and II. Moreover, the Bogoliubov Hamiltonians Hj and Hu satisfy 



H n = Hi — ilr 



_ _ 1/2 — 

h 2 — vv hv — vh \ ( h 

hv — vh h 2 — vv I \ h 



(3.17) 



Proof. The operator v is Hilbert-Schmidt (we are in finite dimension), hence by Theorem 13. 131 R(t) is 
of type I and Hj = AY{h) + \{a{v) + a*(v)). 

Let d denote the (complex) dimension of f), hence y is a real symplectic space of dimension 2d. Wc 
define, on y#, the operator 

1 / v h 



yy ' ' 2 V h v 

The operator f3(h, v) is real symmetric and hence induces a real quadratic form on y# 

y*3(f,f)^{(fJ)\P(h,v)(f,f)}, 

which is nothing else but the classical symbol of R(t). Its Weyl quantization, denoted Op(/3), is then 

Op(/3) = dT(h) + ±a*(v) + ±a(v) + ^Tr(h). (3.18) 



We also denote 



i 

-i 



The map y x y 3 (y,y r ) t— * h{y\ay') = a(y,y') is the symplectic form on y introduced in Section I2"3l 

Since j3 is positive real symmetric and cr is real antisymmetric, we can diagonalize them simultaneously, 
i.e. there is a basis (yi, • • • , t/2d) of y and positive real numbers Ai, • • • , \2d such that 

0yj = X jyj , (3.19) 
<ry2j-l = V2j, cry 2] = -V2j-i, (3.20) 
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where, if y = (/,/), y = (/,/)• Let / fe S f) be such that y fc = (fk,fk), and let = |/fe)(/ fc | and 

2d 

v k — \fk)(fk\- Finally, we denote (3k = (3(h k ,Vk). One then gets, using (|3.19|) . 0(h,v) — YjA.,/^-. Hence 

3=1 

2d 

Op03(M))=E A ^Op(&), 



with 



Op(^) = drd/.-X/,-!) + i(a(/, <g) /,) + a* (ft ® f 3 )) + \ = 0(/,) 2 , 



and where </>(/) denotes the field operators (Section |OJ, so that 

d 

Op((3(h,v)) = ^(A 2 ^ 1 0(/ 2J „ 1 ) 2 + A 2 ^(/ 2J ) 2 ). (3.21) 

Now, since (y±, • • • , y 2( j) diagonalizes er, we have 

(r{y2j,y2k) = o-(2/2i-i,y2fc-i) = 0, and er(y 2j ■, y 2 fe-i) = <5jfe- 

And hence, [0(/ 2j -i), 0(/ 2j )] = i for all j € {1, . . . , d} while the other field operators commute. Therefore, 
by H3.21fl . and the properties of the harmonic oscillator, 

d 

mi Op(/3(M)) = E V^j-i^j. 

i=i 

On the other hand, using H3.19fl - I|3.20|) . one gets 

-{oP) 2 y~2]-i = Xij-iX-zjVij-i, -{oP) 2 y~2j = A 2j _iA 2j y 2 j. 

Therefore we have 

d i , 

inf Op(/3(M)) = J2 V^--iA 2j = -Trv^Sp. 

/w — u/i 
4 V hv — vh h 2 

ff / = Op(/3(/i,u))-iTr(/i). 1 □ 

3.8 Relative boundedness of quadratic annihilation and creation operators 

In this section, we consider a*(v) + a(v) as a perturbation of dT(h) and derive a condition so that it 
is relatively bounded with respect to it. 

Theorem 3.20. If h is a positive selfadjoint operator on f) and v S Dom(/i -1 / 2 eg) hr 1 / 2 ) nDom(ft -1 / 2 eg) 
l + l^/i- 1 / 2 ), th en a(v) + a* (v) is dT(h) bounded with relative bound less than 2\\(h 1 ' 2 eg) h 1 ' 2 )v\\. 



Finally, a simple computation gives — (er/3) 2 = \ ( , t , 2 - ) , from which (|3.17(l follows since 



Using the Kato-Rcllich Theorem ( RS2 , Theorem X.39), one then immediately gets 

Corollary 3.21. Under the same assumption, if moreover \\ {h~ x ^ 2 Cg h~ 1 / 2 )v\\ < 1 then the Bogoliubov 
Hamiltonian H := dT(h) + l(a(v) + a*(v)) is selfadjoint on Dom(dr(/i)) and bounded from below. In 
particular, the associated symplectic group R(t) is both of type I and type II. 



17 



The above condition should not be so surprising. Indeed, it closely resembles the condition one can 
find for the Van-Hove and the Pauli-Fierz Hamiltonians (see e.g. [Del IDJp . where a perturbation linear 
in the annihilation and creation operators is involved. 

Lemma 3.22. Suppose thatv G Dom(/i~ 1, ' 2 ®/i _1 / 2 ). Then, there exist orthonormal bases o/fj (£ n ) n , (Xn)n 
and positive numbers (i n such that (hr 1 / 2 ® /i _1 / 2 )w = y\ /i„ (8 Xn- Moreover, for all S Fg n ([)), 

n 

Proof. It follows from i|2.5[l and the fact that v = h 1 / 2 ^ ® h x l 2 x n . □ 

We now prove bounds on a(v) and a*(v) which generalise the ones obtained in Proposition 12.21 and 
which are in the spirit of the N T — estimate of Proposition 12. II 

Proposition 3.23. Suppose v £ Dom(/i~ 1/2 ® h~ 1/2 ). Then for all * £ Dom(dr(h)), 

||o(«)*|| < ||(/i- 1/2 ® /i- 1/2 )w||||dr(^)*||. 
Proof. Using Lemma 13.221 we have 

k«)*ii 2 = ii J2^ a ( hl/2 ^) a ( hl/2 xn)n 2 < E ii«(^ 1/2 ^)«(^ 1/2 xn)*ii 2 - 

n n n 

Hence, using A^n = II (^ _1 ^ 2 <S> ^ _1 ^ 2 )^|| 2 and ProDOsition l2.il we get 

||a(f)*|| 2 < \\(h- 1/2 ® h-^ 2 )v\\ 2 E<«(^ /2 Xn)*|dr(/ l )a(/ l 1 / 2 x„)*) 

n 
n 

= ||(/i- 1/2 ® h- x / 2 )v\\ 2 (||dr(/ l )*|| 2 - (*|dr(/i 2 )*)) , 

where in the last line we used the following identities 

J2^(h 1/2 X rMh 1/2 Xn)=dT(h), and ]T a* (h^ 2 X n)a(h 3 / 2 Xn ) = dT(h 2 ). □ 

Proposition 3.24. Suppose v E Dom(r 1/2 ® /i~ 1/2 ) n Dom(/i -1 / 2 ® 1 + 1 ® ft - x / 2 ). For any e > 0, there 
exists C e > 0, smc/i i/iai /or a/Z \t G Dom(dr(/i)), 

l|a»*l| 2 < (||(^ 1/2 ® /i _1/2 H| 2 + e) ||dr(/i)*|| 2 + C e ||*|| 2 . 

In order to prove this estimate, we will need the following lemma which follows directly from Ij2.7|l . 
Lemma 3.25. Let v € T 2 (f)), then for all * S Dom(TV), 

||a*(w)*|| 2 = ||a(w)*|| 2 + 4(*|dr(w*)*) + 2||w|| 2 ||*|| 2 . 
Proof of Proposition |3T2*H Using Proposition 13 . 231 and Lemma T3. 251 it suffices to show that 

(*,dr(w*)*) < e ||dr(/i)*|| 2 + c^||*|| 2 

for some C' e . One can write vv* — h x l 2 {h~ x l 2 v)(hr 1 l 2 v)*h v l 2 . Now, h~ 1 / 2 v is bounded. It is actually 
Hilbert-Schmidt since v <E Dom(/i~ 1 / 2 ® 1 + 1 ® h^ 1 ! 2 ). Thus wv* < ||/i _1 / 2 u|| 2 ft, and so 

(¥|dT(«t;*)¥) < ||ft- 1/2 w|| 2 ||dr(ft) 1 / 2 *|| 2 , 

which ends the proof. □ 
Proof of Theorem IQol It follows directly from Propositions l3~2"3l and l3~2H □ 
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4 A concrete example: the diagonal case 



The case where the one particle space f) is finite dimensional is completely understood: all symplectic 
groups are of type I and we have a necessary and sufficient condition on its generator to determine wether 
it is of type II or not (Section l3.7[) . In this section we consider the simplest "infinite dimensional" case. 
Namely, fj := L 2 (N) with its canonical basis (e n )„ e N and h and v are both diagonal, i.e. 

h := y]h n \e n ){e n \, v := ^«n|e n )(e„|, (4.1) 

n n 

and where the h n are real numbers so that h is selfadjoint. Our goal is to describe, in this simple situation, 
what are the one parameter symplectic groups R(t) which are unitarily implementable, which are those 
of type I, and those of type II. In the case where R(t) is not of type I, we will also achieve the "phase 
renormalization" we have mentioned in the introduction. More precisely, we will prove the following 

Theorem 4.1. Consider on L 2 (N) the operators h and v defined by \4-l\j - 

(i) R{t) defines a strongly continuous one parameter group of symplectic maps if and only if v is h- 
bounded with relative bound strictly less than one, i.e. there exists a G [0, 1[ and b > such that for 
all n £ N, \v n \ < a\hn\ + b. 

i i 2 

(ii) R(t) is unitarily implementable if and only if ^2 j-j^ < +oo. If it is unitarily implementable, the 
operators 

U len (t) := e^CiRe/' Q^p^dr+W}^), 

i i 2 

where A rcn = ^2\h \>i lh l e «)( e "l; form a Bogoliubov dynamics implementing R(t). 

i i 2 

(Hi) A unitarily implementable symplectic group R(t) is of type I if and only if ^2 j < +oo. 

(iv) A unitarily implementable symplectic group R(t) is of type II if and only if h n > \v n \ for all n and 

Suppose now that (Oi, • • • , Om) is a partition of N, then we have \) = f)i © • • • © fj&f where f)j = 
Span{e„,n £ Oj}. But, since h and v are both diagonal they leave the t)j invariant, and we can split the 
problem with respect to the above decomposition of f), i.e. the symplectic group R(t) can be written as 
R(t) = Ri(t)® - ■ -®R M {t) where for all j = 1, • • ■ , M Rj(t) is a symplectic group on y 3 = {(/, /), / S 
and we can consider separately the M so obtained reduced problems. It is then easy to see that R(t) 
is unitarily implementable if and only the Rj(t) are all unitarily implementable, and that the same 
statement holds for the type I (resp. type II) character of R(t). For that reason, as a first step we will 
consider the case of a single degree of freedom, i.e. the case f) = C. 

4.1 Bogoliubov transformations of a single degree of freedom 

Let f) = C and A = i f ^ ^ ) ' w ^ ere ^ e ^ an< ^ u ^ C. One can compute explicitly the operators 
Pit) and Q(t) : 
• if \h\ < \v\ 

sinh(WM 2 ~ h 2 ) , v sinhftn/M 1 - h 2 ) , . 

P(t) = c 0S h(W\v\ 2 -h*)+ih \, V , ' u2 ' and Q(t)=iv V, ' . L , (4.2) 
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if\h\ = \v\ 

P(t) = l+ ith and Q(t) = itv, (4.3) 

X\h\>\v\ 



im(ty/h 2 - \v\ 2 ) ._sin(V» 2 -M a ) 



P(t)= coBftv^H^+ife ^" and QW = i« , ' ' ■ (4-4) 

From Theorem 13 . 1 91 we know that R(t) is always of type I with Hi = dT(h) + ^(a*(v) + a(v)). Moreover, 
it is of type II if and only if its classical symbol is positive i.e. Vz € C,Re(/i|z| 2 + vz 2 ) > 0, which is 
equivalent to h > \v\. The Bogoliubov Hamiltonian of type II then writes, according to l|3.17(l . 

H II = H I -hy/h?-\v\*-h). (4.5) 



4.2 Proof of Theorem 14.11 

We now turn back to the general situation l|4.1|l . In view of l|4.2[l - Q4.3fl - l|4.4)) . we consider the following 
partition of N := W< U W = U W>, where W< := {n e N, \h n \ < \v n \}, N= := {n e N, \h n \ = \v n \} and 
A/> := {n € N, \ h n \ > \v n \} and split the analysis with respect to this partition. It will also be convenient 
to split again the case \h\ > \v\ in two cases, namely \h n \ 2 — \v n \ 2 < k and \h n \ 2 — \v n \ 2 > | (the choice 
of the value ^ is purely arbitrary and could be replaced by any strictly positive number) . 



4.2.1 The case \h\ < \v\ 

Throughout this section we assume that, for all n, \h n \ < \v n \. 

Proposition 4.2. (i) R(t) defines a strongly continuous symplectic group if and only if v is bounded. 

(ii) R(t) is unitarily implementable if and only if v is Hilbert- Schmidt. 

(Hi) All unitary implementable symplectic groups are of type I. 

(iv) A unitarily implementable symplectic group is never of type II. 

Proof, (i) If the operator v is bounded then the result follows from Proposition 13. 51 Suppose now that 
R(t) defines a strongly continuous group. Then there exist two constants M and uj strictly positive such 
that, for all t, \\R(t)\\ < Me"'*'. Then, using (|4.2|l . one easily gets that the operators -y/|v| 2 — h 2 and 
, v have to be bounded which implies that v is bounded. 

y/\v\ 2 -h 2 

(ii) Once again the sufficient condition follows from the general theory ( Theorem 13. 6f) . Suppose now 
that R(t) is unitarily implementable. Then, by Theorem l3.4l Q(t) is Hilbert-Schmidt for all t, i.e. 



E 



\vj 2 



sinh 2 (V|un| 2 -^) 



hi 



< 00. 



The result follows immediately since for all x, sinh 2 (a;) > x 2 . 
(Hi) This follows from Theorem 13. 121 (ii). 

(iv) Since \h n \ < \v n \, the result follows from the properties of "one degree of freedom" case. □ 
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4.2.2 The case \h\ = \v\ 

We suppose in this section that for all n, \h n \ = \v n \. This situation is very close to the previous one. 
Proposition 4.3. (i) R(t) defines a strongly continuous symplectic group if and only if v is bounded, 
(ii) R(t) is unitarily implementable if and only if v is Hilbert- Schmidt. 
(Hi) All unitarily implementable symplectic groups are of type I. 

(iv) A unitarily implementable symplectic group is of type II if and only if h > and is trace class. If 
it is of type II then Hn = Hi + . 

Proof. The proofs of («)-(n)-(m) are the same as in the previous section. It remains to prove (iv). Since 
v is Hilbert-Schmidt, we know that R(t) is of type I with Bogoliubov Hamiltonian Hj given by 1|1.2|) with 
c = 0. Thus R(t) is of type II if and only if Hj is bounded from below. 

First assume that h is positive and trace class. Formally, Hj is given by Hi = ^2 n H n , where 
H n = dT (h n \e n ) (e n \) + ha* '(v n \e n ) (e n |) + ^a(v n \e n )(e n \). Note that the H n commute with one another. 
We shall prove that H(N) := ^2 n<N H n converges to Hi in the strong resolvent sense when N goes to 
infinity. If this holds, we have then ( |XTST] . Theorem VIII.24) 

inf Hi > lim 'wfH(N). 
On the other hand, H(N) is bounded from below for all N (Section |Q]l and 

N N 

in£H(N) = E h » ~ ( h l ~ Kl 2 ) 1/2 =-nE h - ( 46 ) 

n=0 n=0 

Since h is positive and trace class this proves that Hi is bounded from below and 

inf^>-^. (4.7) 

Since H(N) is sclfadjoint for all N (Section 13. to prove that H(N) converges to Hi in the strong 
resolvent sense it suffices to prove the strong convergence of the unitary groups, i.e. U^(t) := e ltH ^ 
converges strongly to Ui(t) for all t, which is equivalent to prove that f/jv(£) := Uiy(t)~ 1 Ui(t) strongly 
converges to the identity. Moreover it is clearly sufficient to prove strong convergence on the dense set 
Fg n (C c (N)) where C C (N) denotes the set of sequences which have compact support (since C C (N) is not a 
Hilbert space, Fg n (C c (N)) denotes here, with an abuse of notation, the algebraic Fock space over C C (N)). 

Let 

h(N) := 22 h n \e n )(e n \ and v(N) := ^ v n \en)(e n \- 

n>N n>N 

We also denote by R(t, N) the corresponding symplectic group and similarly for P(t, N) . . . One then 
easily gets 

U N (t) = e-Wo Q(^)v(N)P( s ,Nr 1 ) e ^^a^K(t,N)) r ^ p ^^ N yly^ c -^a(L(t,N))^ 

Since f Q Q(s)vP(s)~ 1 ds is trace class by Theorem 13.121 we have 

lim e hl*(JiQ(s,N)v(N)p- l ( S ,N)ds) = 1 / 48 n 

Moreover, let $ G Fg n (C c (N)), then for N large enough one has 

T((P(t, 7V)-i)*) e -l a ( L (*^))$ = $. (4.9) 
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Finally, since K(t) is Hilbert-Schmidt, the sequence of operators K(t,N) goes to zero in the Hilbert- 
Schmidt norm. This together with Proposition 12 . 51 proves that 

lim e -5 a *(^(*^))$ = $. (4.10) 

The strong convergence of U N (t) to the identity on if n (C c (N)) follows from $M -K^- KT^ . 

We now suppose that Hi is bounded from below. Let f)jv := Span{e„,n = 0, ■■■N}. r s (f)) is 
isomorphic to r s (f)jv) <S> r s ([)^) and via this identification, and with a slight abuse of notation, we have 

H(N)=H(N)®1 and Hi = H(N) <g> 1 + 1 <gs (Hi - H (N)) (4.11) 

where Hi — H(N) acts on r s (f)^) and is defined as Hi but with h\^±. and v\- i) ± instead of h and v. 
The positivity of the classical symbol of H(N) then writes 

N 

V(z„, ■ • • , Z N ) € C N+1 , R <hn\z n \ 2 + V n zl) > 0. 

n=0 

In particular this implies that the h n are positive. It remains to prove that h is trace class. 

Let e > 0, there exists V N e V{H{N)) C r s (f} W ) such that (® N , H(N)V N ) < m£H(N) + e = 
— | ^ n=0 h n + e. Let now & N := ^ N (g) where fi^ denotes the vacuum of r s (()^). Using (|4. 1 1|) . it is 
then easy to see that $jv G T^{Hi) and 



1 N 

($ N ,Hi$ N ) < -^Y. hn + e - 



n=0 

Since the above inequality holds for all iV and e > 0, and since Hi is bounded from below, this proves 
that h is trace class and that 

inf^<-^. (4.12) 

Finally, ETJ) and (|4"T!1 prove that Hn = Hi + □ 

Note that if h is positive but is not trace class, we have an example of a unitarily implemcntablc 
group R(t) which has a positive classical symbol but which is not type II. 

4.2.3 The case < \h\ 2 - \v\ 2 < \ 

In this section we now assume that for all n, < \h n \ 2 — \v n \ 2 < \. 
Proposition 4.4. (i) R(t) defines a strongly continuous group if and only if v is bounded, 
(ii) R(t) is unitarily implementable if and only if v is Hilbert-Schmidt. 
(Hi) All unitarily implementable symplectic groups are of type I. 

(iv) A unitarily implementable symplectic group is of type II if and only if h > and |v| 2 /i _1 is trace 
class. 



Proof, (i) If v is bounded the result follows once again from Proposition 13. 51 

Suppose now that R(t) is a strongly continuous group. A densely defined closed operator A is the 
generator of strongly continuous group if and only if [Daj there exists M > 1 and oj > such that 



] — oo, — cj[U]cj, +oo[c p(A), where p(A) denotes the resolvent set of A, 
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• For 



all AG] - oo,-w[U]w,+oo[ and all m G N, ||(A- A)-" l || < (|A| ^ } 

h 



It is easy to see that the operator A = i 



— v 
-h 



is closed and densely defined. Let us denote 



A r , 



h„ 

Vn 



-V„ 
-h r , 



G M2(C). Since \h n \ > \v n \, A n —\ is invertible for any A € R, and ||(A„— A) 1 j 



A 2M ^ 12 -j-l^ 1 2 

\ 2 +\h } 2 -\v ] 2 ■ ^ necessar y condition so that A generates a strongly continuous group is thus 



sup 

n(EN A 



Va 2 + |ft„| 2 + Kp 



< 



71/ 



IAI 



(4.13) 



for some M > 1, a; > and for any |A| > w. The boundedness of u follows directly from l|4.13[) and the 
fact that \h n \ 2 - \v n \ 2 < ±. 



(ii) The sufficient condition follows once again from the general theory (Theorem l3.6|) . Suppose now 
that R(t) is unitarily implcmentable. In particular Q(t) has to be Hilbert-Schmidt for all t, i.e. Vi G K, 



E 



sm 2 ( ty /hl-\v n \ 2 ) 



hi 



< +oo. 



(4.14) 



Take t = n. Since < hi 



this in H4.14fl proves that v is Hilbert-Schmidt. 

iiii) Once again the result follows from Theorem 13. 121 



< i, one has, for all n, sin 2 (71- -y/ ft, 2 — \v n \ 2 ) > 2(ft 2 — |w n | 2 )- Inserting 



(iv) The proof is the same as for the case \h n \ = \v n \ and using the fact that XX^« — \Jh\~ |w n | 2 ) < 



4.2.4 The case \h\ 2 - \v\ 2 > \ 

Finally, in this section we assume that for all n, |/i„| 2 — \v n \ 2 > h. 
Proposition 4.5. (i) R(t) defines a strongly continuous group if and only if — ^=M=== is bounded. 

(ii) R(t) is unitarily implementable if and only if ~^jjr | |2 * s Hilbert-Schmidt. 

(Hi) A unitarily implementable symplectic group is of type I if and only if |w| 2 ft, _1 is trace class, 
(iv) A unitarily implementable symplectic group is of type II if and only if h > 0. 
Proof, (i) Suppose , ^ is bounded. Thus v is ft-bounded with relative bound strictly less than 

v\ h \ 2 - \y\ 2 

one. Writing, as in Section l3~31 A — Aq + V we get that V is A$ bounded with relative bound strictly 
less than one. Since Aq generates a strongly continuous group (Aq is antiselfadjoint) this proves that A 
generates a strongly continuous group |Da| . 

Suppose now that A generates a strongly continuous group. Using the same argument as in the 
previous section (see l|4.13|) l. there are constants M > 1 and u > such that for all A > u, and all n, 

1 VX 2 + \h n \ 2 + \v n \ 2 M 

^2{^W+W n -\v n \)- A 2 + |ft„| 2 -K| 2 -\-u>> 

which one can rewrite as 

A 2 (2Af 2 - 1) - 2\{\/2M\v n \ - oj) + 2M 2 h 2 n - {V2M\v n \ - lj) 2 > 0, VA > w. 
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The result follows easily from the above inequality and the assumption \h n 



(ii) Suppose 



M 



is Hilbert- Schmidt. Therefore so is vh 1 , and hence, using the fact that v and 



VN 2 -M 2 

h commute, Assumption I3.C1 is satisfied, so that R(t) is unitarily implementable by Theorem 13.61 

Suppose now that R(t) is unitarily implementable. Hence the map t i— > Tr(log(l — K(t)*K(t))) is 
continuous (see the proof of Theorem 13. 4|l and thus locally integrable. Using l|4.4l) we get 



Tr(log(l - K(t)"K(t)))dt 



Kl 2 



Then, using («), we know that the sequence p 
for all n e N and tel, 



is bounded. Hence there exists C > such that 



°S f 1 + ,2 K | |2 12 sin 2 (V^-k| 2 )) > C ^ 1 !", 1 ' , 2 sm 2 (ty/hl-\v n \*) 

\ n n \ v n\ J n n \ v n\ 

V f T K|2 sin 2 (u/7^-kTp)dt - V K|2 ( T - - s[n(2T ^ 



and hence 



^-Kl 2 ) 



< +oo, for all T. 



Using y^I-KP > 5 an d choosing T large enough, we get 



Kl 2 

hl-\v n \ 2 



< +oo. 



(Hi) If |w| 2 /i 1 is trace class, then Assumption I3.DI is satisfied so R(t) is of type I. Suppose now that 
R(t) is of type I. Then by definition, P(t)e~ lth — 1 is trace class for all t. Using 1)3. 6[) and the fact that 



all the operators involved here commute one gets P(t)e 
all t, 



-ith 



3 1 /o Q{s)vP(s) ds_ therefore we have, for 



E 

n 

Using l|4.4(l we get 

Qn(s)^n-Pn(s) _1 = -h n \v n f 



1 (s)i>„P n (s) 1 As 



< +oo. 



3 in 2 ( Sv /^-|^l 2 ) 



K - | w„ | 2 cos 2 (sv'/i 2 - K| 2 ) 



(4.15) 



(4.16) 



-i|u„| 2 V^-K 



r sin( Sv //i 2 - \v n \ 2 ) cos(s v /ft. 2 - |w„| 2 ) 



/i 2 - |w„| 2 cos 2 



(V^-KI 2 ) 



so that, in particular, 



E 



" sin 2 ( Sv /fe 2 - Kl 2 ) 

/O /l 2 - |w„| 2 COS 2 (s v //l 2 - \v n \ 2 ) 

The above integral can be explicitly computed and one gets 



As 



< +oo. 



(4.17) 



h n \v n \ 



im 2 ( S ^/hl-\v n \*) 



o hi - |w„| 2 cos 2 (s v //i 2 - \v n \ 2 ) 



-ds 



(4.18) 



th n 1-Wl-^ 



/> 2 



" n {t)\Jhl - |v„| 2 - arccotan ( Wl - ^|J-cotan(r„(i)^/i 2 - |w„| 2 ) 



where r = t 



and where E denotes the entire part. 
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To prove (Hi) it suffices to prove that for all t £ R, 



E 



r n (t) y/h% - \v n \ 2 - arccotan ^ yi - ^cotan(r„ (t) \/h\~ \v n \ 2 ) 



< +00. 



(4.19) 



Indeed, if (|4.19() holds, then one has 

using \h n \ 2 > \v n \ 2 + i > i. 

Now, it is not difficult to show that for all r € [0, 



< +00, from which the result follows directly 
' one has 

i„, 12 \ !/4 N 



r\Jh 2 n - |w„| 2 - arccotan Wl — ^|-cotan(r v //i 2 l - |w„| 2 ) 



< 



2 arctan 1 



hi 



Since R(t) is unitarily implementable, ^ ^ < +00 and hence 1 < 



-00. Equation l|4.19|l 

follows from this and the above majoration. 

(iv) We use the notation introduced in the proof of Proposition ^. 31 Using H4.16|l - H4.18(l - (|4.19(l . one 

can see that for all t 



U Icn {t) := e 2 



£„ {neJ*Q rl (T)v n P n (T)- 1 dT+th n l i-Ji-^ 



U nat (t) 



(4.20) 



is a well defined Bogoliubov implemcntcr of R(t). 

In the same way as in the proof of Theorem l3.8l to prove that it forms a one paremeter unitary group, 
it suffices to prove that 

{fi\u tm {t)u tm (a)si) = (n\u iea (t + s)n). (4.21) 

Since the operators h and v are both diagonal with respect to the basis (e„) n , so are the operators 
P(t), Q(t), K(t), L(t). Hence one can write both the left and right hand side of i|4.21[l as a product over 
n. It therefore suffices to show that, for all n, 



exp 



cxp 



Qn{s)v n P n {s) ds + iA„ii exp 



12 



Qn{s)v n P n (s) 1 ds + iA„i 2 

xdet(l-L:(ti)K„(t2)r 1/2 



*l+*2 



] n (s)v n P n {s)- L ds + iA„(ti + 1 2 ) , 



where A„ = h n ( 1 — \ 1 — 



h 2 n 
l«»l 5 



This follows from Theorem ^. 12l applied to the generator 



ih n -iv n 
iv n -ih n 



considered on the space M 2 . Hence R(t) is of type II if and only if the generator H rcn of U rcn (t) is bounded 
from below. 

Suppose h is positive. Let 



Hiijn ■= H n - inf H n = H n + -h n (l-Jl 



N 



hi 



and H n {N) :=Y^Hh. 



71=0 



For any N, Hn(N) is selfadjoint and inf Hn (TV) = 0. Moreover, using the same argument as in the 
proof of Proposition ^. HI we prove that Hu(N) converges to H rcn in the strong resolvent sense so that 



infflren> hm inf Hn(N) = 0. 



□ 



JV 
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4.2.5 Putting all together 

It is easy to see that in each of the four situations the necessary and sufficient conditions which appear 
in Theorem 14 . f I are equivalent to the corresponding conditions used in the various propositions. The only 
points which are not immediate are the definition of the operator A ron in (ii) and of the series which 
appears in (iv). 

The obvious definition of A ren would be to replace the sum over {n | \h n \ > 1} by the same sum 
but over {n \ \h n \ 2 > \v n \ 2 + and similarly for the series in (iv). To prove that these definitions are 

I i2 

equivalent, we have to prove that X^ngjV TFT < where 

N = M U N 2 ■= {n I f < \h n \ 2 < \v n \ 2 + -} U {n I \v n \ 2 + i < |/ ln | 2 < f }. 

I I 2 

Since R(t) is unitarily implementable,we have l+ifc 1^ ^ Using this, it is then clear that 

Yln^M TFT < ^ n ^ e otncr ^ anc l, if n eJVi, one easily gets that pfej p > |. The implementability 

of R(t) thus gives that A/i is actually a finite set. □ 
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